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Why Modern Controllers Can Go UnSthble in Practice

~F William Nesline*and Paul Zarchant
Raytheon Company, Bedford, Massachusetts

This paper demonstrates the importance of analyzing proposed modern control system designs with classical
frequency response techniques. When classical constraints such as open-loop crossover frequency are ignored,
apparently robust modern control designs may go unstable for relatively innocuous plant perturbations. Modern
'control system designs of successwely more complex plants are analyzed to reveal some problems that may occur
in the design of real systems and to show how these problems can be solved so that modern control methods will

/ be more useful to practlcalrcontrol system designers.

Introduction

ODERN control system design techniques are powerful

tools for control system engineers. There have been
many successful applications to trajectory. or flight-path
control. However, when hlgh—frequency effects are con-
sidered, the direct appllcatlon of ‘modern control techniques
can lead to a system that is unduly complex and unduly
sens1t1ve to plant parameter variations, noise on the control
inputs, or random disturbances at the output. Each of these
phenomena has been encountered by one practical designer or
another,’* and each has devised a design technique based on
trial and error that was useful for solving that particular
problem. However, no general approach has been devised
that allows modern control theory to deal with these problems
in a systematic way.

- In this paper, examples of increasing complexity are
presented showing how modern roll autopilot designs with
apparently adequate stability characteristics (good phase and
gain margins) can easily go unstable. The importance of the
open-loop crossover frequency ‘is established, and its
relationship to robustness is demonstrated through examples.
It is shown how the weighting factors within the performance

index can be adjusted to modify the open-loop gain and

crossover frequency. The concepts presented in the paper can
serve as aids to the designer attempting to apply modern
control theory to real design problems.

Modern Control Applled to Missile Roll Control System

Arr-launched missiles require active autopilot control for
safe separatron from modern launch aircraft because 1) the
flowfield in the vicinity of the aircraft causes large torque
disturbances on the missile: and 2) the aircraft may be
maneuvering when it releases its missile. The effects of these
disturbances and initial conditions are typically sensed by rate
gyros and accelerometers whoose outputs are connected
through autopilot control circuitry to fin actuators.

The transfer function that forms the basis- of the roll
autoprlot design is’
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where ¢ is the roll rate, 6., the fin deflection command, K the
fin effectiveness, and wgg the roll rate bandwidth. Typically

‘ the roll rate response determined from Eq. (1) is too slow and

must be made faster by the autopilot. The maximum roll
angle and rate must be kept within specified lrmrts to ensure a
safe and controlied launch.

The plant model of Eq. (1) must be: augmented by addmg
another integrator to make roll angle available from the roll
rate. The basic two-state plant model is shown in Fig. 1, and
the scaled performance index, to be minimized, can be ex-
pressed as

NGO f;::)w]a

where ¢,y is the maximum desired value of the roll angle ¢,
bux the maximum desired value of the roll rate ¢, and b¢yry
the maximpm desired value of the fin command .. The
feedback control law is of the form '

o¢ =—CI¢? C2¢ » : 3

At this pomt it becomes necessary to solve for the control
(regulator) gains. For low-order systems, this can sometimes
be accomplished by solving the steady-state Riccati equations
analytically, Direct mtegratron, via digital computer, of the
Riccati equations until the gains approach stegdy state often
works for hrgher -order systems. However, this approach can
be very expensive and time consuming, since small 1ntegrat10n
intervals and long convergence times may be required for
systems with high-frequency dynamics and low damping.
Fortunately, a computer program called OPTSYS (Optimum
Systems Synthesis), developed by Bryson and: Hall,® over-
comes the above problems by avoiding mtegratrng the Riccati
equations. This efficient and cost-effective program is-based
upon the MacFarlane-Potter concept - of : elgenvector ‘
decomposition and  incorporates the very accurate QR

.algorithm of Francis for determlmng the ergenvalues and

eigenvectors of the Hamiltonian matrix.6 v

- Using the nominal values of Table 1, OPTSYS was used to
find the optimal regulator gains. The resultant gains, shown
in Table 2, when incorporated into the feedback law of Eq. (3)
and the plant model of Fig. 1, yielded excellent time response
characteristics. The plant model can be made more realistic by
the inclusion of actuator dynamics with transfer function

- shown in Fig. 1b, along with the resultant four-state plant.

When the optimal two-state gains (assuming a perfect ac-
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tuator) were used to control the four-state plant, the time

responses were linstable.

The instability was eliminated by including the four-state
plant model in the derivation of the controller gains and by
feeding back the additional states. The resultant controller

gairis, derived using OPTSYS, and control law are also shown .

for the four-state system in Table 2.

The plant model can again be made more realistic by the
inclusion of rate gyro dynamics with transfer funcfion shown
in Fig. lc along with the resultant six-state plant. Instability
was again noted in the time response when the four-state
feedback gains were used with the six-state plant.

Including the six-state plant model in the derivation of the
controller gains and feeding. back the rate gyro states
eliminated the instability. For this case the scaled per-
formance index is

AL e (g ele o

The resultant control law and galils for the six-state system are
showi in Table 2.

Again the plant model can be made even more realistic by
the inclusion of the effects of the first torsional mode. The
flexible body transfer function of the torsional mode and the
 plant model are shown in Fig. 1d.

Instability was again noted in the time response when the
six-state gains were used with the eight-state plant.

The instability was again eliminated by including the
torsional mode dynamics in the derivation of the controller
gains and by feeding back the torsional states. The resultant
control law and gains for the eight-state systeni are shown in
Table 2. ‘

Table 1 Nominai inputs

Name v Definition Value
“RR Roll rate bandwidth 2rad/s
K; Fin effectiveness 9000 1/s2
w4 . Actuator bandwidth 100 rad/s
$a Actuator damping 0.65
wg Rate gyro bandwidth 200 rad/s
te Rate gyro damping 05
Wy Torsional mode frequency ‘ 400 rad/s
Y] Torsional mode damping 0.01
K; Torisonal mode gain ) —0.001
SMmx Maximum desired roll angle 10 deg
drix Maximum desired roll rate ~ 300deg/s

demx Maximum desired fin deflection 30deg
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Classical Analysis of Modern Control System

The series of four examples, progressing from simple to
complex plants, shows that the order of the design model
must match the order of the plant just to yield a stable -
response to inputs. From a theoretical point of view, stability
is guaranteed only when all of the parameters are known and
the -controller and plant order are the same.!! From a prac-
tical point of view, since the plant model is never known
precisely, this result is not acceptable. To understand the
above phenomenon, classical frequency response methods!?1?
will be used to analyze the modern designs.

The concept of open-loop transfer function is the cor-
nerstone of feedback control system. analysis. Nyquist!*
showed its importance in stability and robustness analysis,
and Bode!® developed its use as a key design and synthesis
element in feedback systems. The open-loop transfer function
is the transfer function around the loop when the loop is
broken at a point. The loop can be broken anywhere, but
usually it is broken in series with some parameter whose value
the designer can control to achieve a desired characteristic.
While the whole open-loop transfer function is interesting, its
frequency 1 response characteristic is most illuminating to the
designer. Both relative stability and robustness can be
determined from analysis of the magnitude and phase of the
open-loop frequency response, and even more importantly,
the designer can determine from it what changes to make in
the system dynamics in order to achievé his goals. The two
most popular indices of relative stability are the gain and
phase margins. The gain margin is the value of additional gain
needed at the loop break to cause instability, assuming that
the phase remains constant. The phase margin is the amourit
of phase lag that is needed at the loop break to cause in-
stability, assuming that the gain remains constant. In addition
to indicating relative stability, the open-loop transfer function
indicates relative robustness to parameter changes. When the
Bode diagram is marked with the key parameters of interest, it
is sometimes possible to estlmate using simple calculations or
sketches, the effect of a parameter change on system per-
formance. For the various plants and controllers, the open-
loop transfer functions with the loop broken at the error
signal (6. in Fig. 1) are represented in Table 3. )

It is apparent from these transfer functions that modern
control (full state feedback) only influences the zeros of the
open-loop transfer function, while the plant determines the
poles.'®17 Therefore classical modification of the open-loop
transfer function by the inclusion of compensation networks
is not possible with the modern approach, although work is
being conducted in this area.!¢ In addition, full state feedback
ensures that the degree of the numerator is always one less
than the degree of the denominator. Therefore, there will not
necessarily be a great deal of attenuation at the higher
frequencies. Table 3 also shows the open-loop gain constant
to be invariant with system order. This means that only the
performance index weightings can influence open-loop gain.

Table2 Control laws and gains for high crossover frequency

Order of
system : Control Gains
2 c=8c=C10+Cy C,=3 C,=0.103
4 —8c=C;¢+Cyp+C38+C,d C,=3 C;=0.127
» ‘ C;=8.81 C,=0.0309
6 —8.=Cop+Crd+C38+Cs8+Csdpg+ Csdpy C;=3 C,=0.127
C; +8.84 C,%0.0310
, Cs=0.0152  C4=0,0000768
8 —8c=Croy+Cap+ Cyb+Cyd+Csdpr+ Codpg+ Crd+Cap C;=3 C,=0,223
C; =34 C=0,0705
Cs=0.0129  Cs+0,0000894
C,=278

Cy=0.0279
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Fig.1 System block diagram.

Typical of the Bode diagrams (complete details are in Ref.
18) is that of the matched four-state system shown in Fig. 2.
At first glance this design appears to be robust (insensitive to
parameter variations) because the gain margin is infinite and
the phase margin is greater than 60 deg. However a closer
inspection also reveals that this system has a very high
crossover frequency. In fact, the crossover frequency is
‘greater than the highest plant pole modeled, which indicates
that the system is attempting to control the high-frequency
dynamics. This type of high-frequency design ensures that
unmodeled dynamics, occurring below crossover frequency,
will cause the system to go unstable. Examination of the open-
loop frequency responses of the different order systems of
Table 3 shows these results to be true in general.

If a rate gyro model (making the plant sixth order) is now
included with the four-state controller, the open-loop transfer
function becomes

13500(1+8/29.1)

HG lfour-state crl =

six-state plant 2*0.65 S? 0\
S(1+5/2 (1 0% ——)
( I\ 100 +1002
2*0.74 S?
NI A
(+ 73 T 17
X . ®
(I+2*0.5 S+ S?
200 2002

Figure 3 shows that the gain.and phase of the open-loop
transfer function are reduced by the inclusion of the ratg gyro
madel. Instability results (negative phase and gain margins)

. hecause the crpssovep\ frequgqcy is too high, Updating the
design model to sixth order stabilizes the system because the
addition of the quadratic zero in the open-loop transfer
function nearly cancels out the gyro dynamics. The high
crossover frequency (327 rad/s) and low gain rolloff (20
dB/dec) ensure that this design will also be sensitive to high-
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Fig. 2 Matched four-state system (5cpx =30 deg) yields high
crossover frequency.

frequency uncertainties in the model parameters. All model
orders examined exhibited the same undesirable charac-
teristics. '

These examples, summarized in Table 3, have shown that
state variable feedback modifies only the zeros of the open-
loop transfer function. There is no possibility of adding extra
open-loop poles by the inclusion of lag networks in the loop.
For the performance index chosen, high open-loop crossover
frequencies result, making the system sensitive to modeling
errorg, As higher-order dynamics are added to the plant, the
crosspver frequencies are higher than the frequencies of the
added dynamics and instabpility results. When all the dynamics
are ipcluded in the modern control design, the crossover
frequency 1is still beyond the highest plant pole fequency,
which indicates that the system is attempting to control even
the high-frequency flexible body dynamics.
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Use of Modern Control Theory
for Practical System Design

Most of the observed problems. in the previous sectlons
were caused by the high crossover frequency. The open-loop
crossover _frequency can be controlled by adjusting
parameters within the performance index of Eq. (2) (Ref, 19).
For this example, variations in §.,x have the most profound
influence on the crossover frequency as shown in Fig. 4. A
classical rule of thumb is to choeose the crossover frequency to

be about one- thrrd the frequency of the dynamics you do not -

need to control—in this case, the actuator dynamics. Then
dcax would be 0.5 deg, resulting in new control gains. These
control gains reduce the open-loop gain srgnrfrcantly (from
13,500 to 225) as can be seen by comparing Tables 3 and 4.
We can see from the Bode dlagram of Fig.'5 that this open-

loop transfer function has a crossover frequency of 31.7 rad/s )

compared to the other two-stdte system (5CMx =30 deg) with a
crossover frequency of 927 :rad/s. It is apparent from the

diagram that this low crossover system should be quite robust

because when - either actuator, rate- gyro, or structural
dynamics come into play, the open-loop gain is quite low.

We can demonstrate the“robustness of the low crossover
frequency desrgn by combining the two-state controller with
the eight-state plant. The resultmg open-loop transfer func-
tion becomes

s
L 51+ 75)
HG . =
Sestace plan| S<I+ §) (I+2*0 65 S+__S_2_)
‘ 2 100 100°
, 1 »
o ©®

205 & 2001 . &
1+1 . )( s )
(+ 200 >t 20 )\ 200 St 007 )

The Bode diagram for this system is shown in Fig. 6. Even
though there is a significant mismatch between controller and

plant dynamics, the system is stable with adequate stability
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margins (phase gmargin =33 deg, gam margin=6.1 dB). The
robustness is due to choosing a performance index that yields
low opén-loop crossover frequency. The two- state,controller
with the eight-state plant could give unacceptable per-
formance at higher crossover frequencies than 31.7 rad/s
because the structural damping is low enough to yield a
resonant peak of 34 dB. If this is sufficient to raise the open-’
loop magnitude above the 0-dB hne, stability problems may
begln 10,1 .
1If the performance index is adjusted to get low crossover
frequency (8cpy =0.5 deg), the control gains change. Table 4
shows how these gains influence the zeros of ‘the open-loop
transfer function. With low crossover frequency the modern
control design is adding open-loop zeros to cancel out plant
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Fig.3 Inclusion of rate gyro dynamics causes four-state controller to
go unstable.

Table3 Open-loop transfer function for high crossover frequency

Order of : -
system : Open-loop transfer function
v (I+58/29.1)
2  HG=13500 —————
_ S(1+5/2)
2*0.74 - §?
I+8/29.0 {1+ +—
‘ : 173 173
4 HG=13500 -
S(1+58/2) (1+ 2069 S+ s
! 100 1007
(1+5/29) (1 L2085 ol 708 oy s )
; ; 160 1602 216 2162
6 HG=13500 - ‘
S(1+58/2) 1+2*0'65s+ s +2*0'5 + s
. 100 1007 200 200°
2*0 62 . .82 2*0.11 RN
(1+5/18. 7) (1+8/56. 7)(1+S/193) S+ ) + S+ )
» - 271 2712 404 4042
8 HG=13500 ' - :
: : SU+S2) (1+2*o 65S §? (I+2*05S s? (1 2*0. OIS s? )
- + + 5 +
: = N 100 1002 2007\ 400 400
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Table4 Open-loop transfer functions for low crossover frequency
Order of :
system Open-loop transfer function
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2*0.66 $?
225(1+8714.2)y {1+ +—)
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Fig. 6 Selecting low crossover frequency allows two-state controller-
to stabilize eight-state plant.

poles. This type of compensation is not required for systems
having many high-frequency poles if the gain is low enough at
these frequencies. From a classical point of view, this type of
compensation is undersirable because it complicates the
controller (extra instrumentation to measure and feed back
the required states) and it makes the system more sensitive to
noise. \

Conclusions
If a control system is designed using modern control

" techniques, a classical frequency response analysis must be

performed to determine the crossover frequency and stability
margins of the open-loop system. If the crossover frequency is
too high, the system may go unstable when it is built and
tested. The crossover frequency, gain, and stability margins
can be modified by adjusting the weighting coefficients in the
performance index until all of the required cost and sensitivity
issues of the design are satisfied. This approach gives the
control system engineer the flexibility required to design a
practical system using modern control methods.
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In planning this new volume of the Series, the volume editors were motivated by the realization that, although the science
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systematic textbook or monograph today that covers the new and important developments. This volume, composed entirely .
of chapters written specially to fill this gap by authors invited for their particular expert knowledge, was therefore planned in
part as a textbook, with systematic coverage of the field as seen by the editors. . ,

Three new factors have entered ballistic theory during the past decade, each it so happened from a stream of science not
directly related to interior ballistics. First and foremost was the detailed treatment of the combustion phase of the ballistic
cycle, including the details of localized ignition and flame spreading, a method of amalysis drawn largely from rocket
propulsion theory. The second was the formulation of the dynamical fluid-flow equations in two-phase flow form with
appropriate relations for the interactions of the two phases. The third is what made it possible to incorporate the first two
factors, namely, the use of advanced computers to solve the partial differential equatlons describing the nonsteady two-
phase burning fluid-flow system.

The book is not restricted to theoretical developments alone Attention is given to many of today’s practlcal questlons,
particularly as those questions are illuminated by the newly developed theoretical methods. It will be seen in several of the
articles that many pathologies of interior ballistics, hitherto called practical problems and relegated to empirical description
and treatment, are yielding to theoretical analysis by means of the newer methods of interior ballistics. In this way, the book
constitutes a combined treatment of theroy and practice. It is the belief of the editors that applied scientists in many fields
will find material of interest in this volume.

385 pp., 6x9, illus., $25.00 Mem:, $40.00 List

TO ORDER WRITE: Publications Dept., AIAA, 1290 Avenue of the Americas, New York, N. Y. 10019
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